J. Appl. Maths Mechs Vol. 56, No. 2, pp. 274-282, 1992 (X121~8928/92 $15.00+.00
Printed in Great Britain. @© 1992 Pergamon Press Ltd

INVESTIGATION OF THE FORMULATION OF THE
BOUNDARY-VALUE PROBLEM OF THE LOCAL THEORY OF
ELASTOPLASTIC PROCESSEST

S. V. YERMAKOV
Moscow

(Received 11 June 1991)

For a complex stressed state, a three-term defining relation {1, 2] is used which implies that the
five-dimensional stress, stress rate and strain rate vectors are coplanar. On the hypothesis of jocal
definiteness [3]. the two coefficients occurring in the three-term relation are taken as functions of three
functionals of the process—the stress intensity, the fength of the arc of the deformation path and the angle
of approach. For bounded derivatives of these two functions with respect to cach argument, conditions
securing a correct formulation of the static boundary-value problem in terms of rates of each instant of the
elastoplastic process are determined.

A formulation is given of the quasistatic global boundary-value problem for the whole process. It is
proved that the operator of the global problem, an operator of the variational calculus [4], is positive
definite, strictly monotonic in the main and possesses the (§),-property [S]. Using the theorem of Leray and
Lions [4], it is shown that a generalized solution cxists. It is proved that the global solution is unique and
continuously dependent on the external loads. For the step method, using discretization of the process with
respect to the load parameter, and iterational methods (of the type of SN-EVM method [2}), convergence
of the approximate solutions to the exact solution of the global problem is proved.

1. For THE defining relation for elastoplastic materials in the case of complex stressed state, a
three-term relation between the deviators of the stresses S;; and strains e;; was proposed in [1, 2]:

Sy =*/iNe; +MSs'io, o=(1:8;8:)% s§={(lse es)” (1.1)

Here and below the summation is over repeated indices i, j: the dot denotes the right-hand
derivative with respect to the parameter t€ [0, T'], which increases monotonically with time; N and
M are functions of the curvature of the deformation path over the length of its arc s, in the elastic
region with ¢, = (f’-/:ze,»jeij)”z<es we have s=e¢,, M=0, N=3G (G is the shear moduius and ¢ is the
yield point).

Relation (1.1) (in vector form) was derived in [1] subject to the conditions of local definiteness [3]
and the existence of an instantaneous limiting surface which is regular at the load point. Relation
(1.1) was proved for an arbitrary complex load on the basis of an analysis of the experimental data,
with N a function of two arguments: ¢ and the angle of approach 6 = arccos(e;"S;/os"). Specific
modifications of (1.1) were considered in [7-10].

We shall assume that the coefficients N and M are functions of the three functionals of the process
o, s and z = cos®. Comparison with experimental data supports this hypothesis [6].1 Defining the
deviators

bi*="{M{o, s, z)n;+N (o, s, z) pisl, p=ei’[s’, n;=>%/,8:la,
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we rewrite (1.1) in the form of a differential equation with respect to §;;".
S,-;=b,‘j (ng, § (t) N em' (t) ), S,'j (O) =0; bﬁzbij‘ (S&m, S, pgm)s. (1 _2)
We impose on the functions N, M and their derivatives the conditions

—~3G, <7 (@ (s), s, —~1)<P(D(s), s, z2)<P(DQ(s), s, 1)=
=@’ (s)=7,>0 (1.3)

0<N<No, OgiM* <M000, MD=N9““‘71

|0E/do|<E, |0Elds|<E., |0E/oz|<E.0
Yi, M;, N;=const>0, (i=0, 1, 2, 3), g=0/P(s), P(0,s,z)=M+ Nz = do/ds, where G,<G is
the unloading modulus, @ is a function of hardening during simple loading and E denotes M or N.
From (1.3) we obtain

6<1; |b;*|= .b:*b*) < by=M,+N,, |b‘,]<bos' (1.4)
|Aby| <K, ASy|+K|As|, |Aby|<b,|Ae; |
K\=M+N+(M,+M,*+N;)/(Ge,), K;=M,+N,, b,=b,+2(Ms+N,)
Abij = bij (St sV, &) — bi; (SKoky 5O, e5n)
Agbij = by (S, s, e5)) — bi; (SEh, SO, exn)
As =50 —5, AS;; = SP— 8P, Aeiy = — e,
[Ae;; | = (*shei; Aey; )%

From (1.4} using Gronwal’s lemma ([5], p. 191) it follows that
¢
185 1< MO @), b(#) = min{p 0 (1) § |dei; () dv,b,} (1.5)
1]

p(s)=K, exp(K,s) (Kss+b.) + K, b=2Mo+No

Let us determine the conditions of (1) positive definiteness; (2) monotonicity; and (3) L-
continuity of the connection §;" ~e¢;" (1.2) for all s>e,. oy <1.
(W If F(o,s, z)=Mz+N=v, forall z&[—-1, 1], then

S.-,-’e.-,-'?y,s" (1 6)
(2) Using Sylvester’s criterion, we find that if, for A8 = 6" — 8 0, the condition F(a, s, z) is
satisfied and
AFWF® [ M7 4 Y704 (NO+N D) cog AB]*>0 (1.7)
M® = M (0.5,20), N® = N(o,s,z),
2® = cos 8% = {5, JHos ™y,  k=1,2

then I=[b; (S, 5, €iox” ) = by (Skm, 5, €xi> )] A€} >0 when A¢j#0. Special cases of condition (1.7)
have been considered earlier in [8-11]. Using the differentiability of N and M with respect to 2, as in
[9], we find that if, for z&€[—1, 1]

N,'=gN[9z<0, M,’<0, L(o, s, z2)=M—M,24+N,'z<0, ze[-1, 1] (1.8)
N—N/z4+M,+L=%,>0, z=[—1, 0] (1.9)

and for z€]0, 1] either inequalities (1.9) and ¥ (o, 5, z)=L —2N,’ z<0 or inequalities ¥ (o, s,
z)>0, N+ M, + L*/(4N,’ z) =+, are satisfied simultaneously, then

I=v:2%Aeis Aeyf’, y,=const>0 (1.10)
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(3) From the L-continuity of b; with respect to Sy, for functions e, (¢) which are piecewise-
continuous with respect to 1, it follows that a unique solution of (1.2) exists. We introduce the set of
tensor-functions S;" (or e;"):

Z(x)={Ss": |84 ()| Sy<wo, V|0, T]}, x=const

Assertion [.1. lf inequalities (1.3), (1.6) and (1.10) are satisfied, then the operator
DE(e;" €Z(x)— S;"— Z(byx)) defined by (1.2) is L-continuous and has an inverse L-continuous
operator

D'e(8;'eZ(bex) 25 =Z(box/11))

in the sense of the norms
T

A % 7 "
(5 lei; (2) |2dt)/ ’ (SIS”‘(t)Pdt)/
0 0

Proof. The L-~continuity of the operator D with constant Txp(7x)+ b, follows from (1.4) and (1.5).
According to (1.6) and (1.10), Eq. (1.2) defines an implicit function e;” = ;(Sgm , Skm, s) which is
L-continuous with respect to S, with constant V; =+, . If S;"€Z(byx), then it follows from (1.6) that
e;” € Z(byx/v1 ), and according to (1.4), (1.10) the function || is L-continuous with respect to Sy, and s with
constants Vj, = K;_;x/x2 (i =2, 3). Then the equation s° = | (S (1). Skm(f).s)| with initial condition
s{(0) =0 has a unique solution, that is, the operator D!, the L-continuity of which with constant
exp(V3TY(V + TV,) follows from Gronwal's lemma, is defined.

By way of illustration, we consider expressions for N and M in the form [9]

M=[ 0 —(a+taz) O/Alas, N=(rtriz0o) ®/A; ri=1-r, ay=1-a; (1.11)

where A, «, r are functions of 5, found from experiments on plane paths of deformation where, in the elastic
range of r, o, ®/(3GA) = 1. When s> ¢, for some steels and brasses {see the reference in the footnote),

03<sa<t; i<r<i+a; G<O/A<LIG (1.12)

If the derivatives A', o', r’, ® and ®” are bounded and the conditions

1<P/A, QUO<a<i+r—O'A/P, 1i<r<ita (1.13)
are satisfied, all the restrictions on N, M and the properties 1-3 of relation (1.2) are satisfied, with y, = v,/2 [9}.

2. The equilibrium equations, Cauchy relations and the coupling equations (1.2) (for given values
of S;,» amd s) together with the linear relation between the spherical tensors o; = 3Ke; and the
boundary condltlons define the static boundary-value problem for any t€10, T] relative to the
velocity vector u” € C*(Q)N C'(Q) (Lagrange’s equation):

Sm;‘ (0) 8 dd = SF i dRQ - S PrLdr. Ve e CH(Q) (2.1)
@ 0 Ty
o, (u) = S () + 6;3Ke", & =e + 86" = (i, j + uy,)2.
i = s+ L2
S;;(u") is defined by relations (1.2), I', and I, are parts of the surface bounded by the finite region Q
occupled by the body, F; and P; are the components of the volume and surface forces, {’ is the
virtual velocity and " =0onT,.

We consider functions u” € H, H(Q) is the Hilbert space [12]. The left-hand side of (2.1) defines a
linear functional on " € H. From (1.4) it follows that this functional is continuous and the operator

Ac(H—HY: Aw 0y = (o @) 57d2 AN <>

LY

is bounded. H * is the conjugate space. From (1.4), (1.6) and (1.10) it follows that the operator A is
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positive definite, L-continuous and strictly monotonic [9] with constants C,, C3 and C, which do not
depend on S,,, or s. Suppose that the external loads satisfy the conditions

Fi.(t)ELq«(Q)' q.>'/:; P‘.(t)ellqz( ]‘o)' q:>‘/: (2.2)
Then Eq. (2.1) can be written [12] in the form of an equation in H *:
Au'=f, feH* (2.3)

According to the theorem of Minty and Browder [5, p. 96], the following assertion is true.

Assertion 2.1. Suppose that conditions (2.3), (1.3), (1.6) and (1.10) are satisfied. Then Eq. (2.3)
has a unique solution u* € H, the inverse operator A~' € (H *— H) being L-continuous and strictly
monotonic.

Note 2.1. From Theorem 3.3 of [5, p. 103] there follows the strong convergence of Galerkin’s solutions to the
solution of (2.3), and from Theorem 3.4 of [5, p.104], the exact solution is the strong limit of linear iterations.

3. Let us formulate the global quasistatic boundary-value problem. It is required to find a vector
u(x)ECH0, T; C*(Q)NCHQ)) (x = {r,x} €Q=[0, T] x Q) satisfying (2.1) in which S, (u")(x) is
understood as a mapping of the vectors u”(x) on the deviators over Q defined by the Cauchy
relations and Eq. (1.2).

Integrating (2.1) with respect to ¢, we obtain the equation of virtual work

{ou @, (ae § F (L ()40 +

Q
T

+\§ Prootiara, v e @ (3.1)
[

We let X = L,(0, T; H) denote the Hilbert space [5, p. 159] (of classes) of functions t—u(r):
]0, T[— H (€2) which are measurable, take values from H, and are such that
T . ) v T
(frw@iia)" =puir <~ 0t unx = (ot @, 0 @)t
v 0
Similarly, we define the space Y

0, &Y =L, (0, T;(L, ) Holiy = <§ [o:;(x) Ide)%

X, denotes the set u€ X: 5" (x) € L. (Q).

The left-hand side of (3.1) defines a linear continuous functional on {€ X. For the non-linear
operator UE (X— X*) (X* = L,(0; T; H*) is the conjugate space [5, p. 159], defined by the tensor
gy (u)(x), we have

T
U, B = | Aug 050w (0, 8 (1) > dt (3.2)
[
where the dependence of A on S, and s is explicitly indicated. Using the Holder inequality and the

properties of the operator A, we find that U is bounded and positive-definite with the same constants
as A:

NUuile<CJullx, <Uu, ur>Clulx? (3.3)

We represent the operator Uu in the form B(u, u), where the operator u', u?’— B (u', u®) (as an
operator from X X X into X *) is defined by the expression
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B, u*), Dr=1e[b;(Sin' (x), s'(x), ean”(x))+

+6,3Ke(x) 145 (x)dQ (3.4)

t
2= {le,1 @) de

®

S;! is the solution of (1.2) with eg,,” = e, s = s".
Relation (3.4) defines two operators:
(1) forVueX B,E(X—X*): Bju* = B(u*, u);
(2) for Vu€X B,E(X—X*): Byu* = B(u, u*).
Note 3.1. The operator B, is defined on Vu€ X and the operators B, and U, (for the time being) only on

v E X for which a solution of (1.2) exists.
From (3.2) there follows the L-continuity and strict monotonicity of the operator B, with the same constants

as A (Au=u'—u’ v, v’ EX):
Yue X{iB{u, u') ~B{u, u?)jiz»<CilAuy,

(B(u, u')-B(u, u), Awr=CllAuly? (3.5)

Note 3.2. The operator U, generally speaking, is non-monotonic.

Lemma 3.1. Letu,—uin X as n— . Then

wa={B{u,, u*), u,—ud;~+0, Vu*sX

Proof. Putting u = u, —u, we have s"")_ "= in L,(Q). Then from (1.4) and (3.4)
W, € 5 [bos™®(x) #7(™) (x) +9Ke™* (x) £ ("} (x) ]d@ > 0
2

Lemma 3.2. Let a€(Q—R') be finite almost everywhere in Q and vEL,(Q), 1<p<o,
C = const>0, g,ER": g,—0 as n— o; then w,=min{|g,al. C}v—0in L,(€).

Proof. From the condition of the lemma, we have w,€L,(), w,"<C”{viP€L;(Q) and w,(x)—0 for
almost all £ € ). Then from the Lebesque theorem [S]||w, |—0.

Lemma 3.3. Letu,—uin X as n— 0. Then

.. (u,) . . 8 .
BySiy = by (S s s, exm) = by (Skme M, e4m) >0, Vu*e& X in Y

Proof. Putting

uli® =u,—u, g»(!)=S"‘"’(t‘f)dt, #a {X) =min {ga (X) p(s*(x)), b1} s"*(x)

from (1.5) for any £;E Y we have

S AyS8:;°85d0< 5 ®a (%) |£i;(x) |4Q

e e

From the Holder inequality it follows that g"—0 in L,(Q). Then, using the absolute continuity of the

Lebesque integral, from any weakly convergent sequence which is a subsequence of {x,}, a subsequence can
be selected which converges strongly to zero, and then from Lemma 5.4 of [5, p. 20}, x%,—0in L2(Q).

Corollary 1. The operator B, {and therefore also U) is semi-continuous.

Corollary 2. 1f, apart from convergence u,— u, the condition g, {x)— 0 is satisfied for almost all
x € Q, then according to Lemma 3.2 A, S;"—0in Y.
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By direct verification, using the lemma, we can see that if conditions (1.3}, (1.6) and (1.10) are
satisfied, on the whole of X, U is a positive definite operator of the variational calculus, which is
strictly monotonic in the main part and possesses the (§)-property (see [4, p. 192]).

Subject to the conditions on the external loads

Frel, (0, T; L,(Q)), ¢.>%s; P’'sL,(0, T; L,(I%)), ¢:>*/s (3.6)

the right-hand side of (3.1) is a linear continuous functional on { € X: (f, £)7, f€ X *. Then from the
theorem of Leray and Lions [4], we have the following assertion.

Assertion 3.1. (Existence Theorem.) If conditions (3.6), (1.3), (1.6) and (1.10), are satisfied,
equation
Uu=f (3.7)

has (at least) one solution ue X.
Assertion 3.2, If £€ C(0, T; H*), then for the solution of (3.7) u* € C(0, T; H).

Proof. Let w,"(£)=U"(t,, £)—U"(t, %), f,=f(t,) —£(¢); by the condition f,~>0 in H* as f,~»t. From (1.4)
and the property of A we have for n>n*:

Calun it < {180 (Sim 00,5 0, o 00— b13 (St (1), (), b (D) | 207 R+
2

+ nrunD <{Jwp HL. [{43] + 1/ HH‘) fup'f, wp(E)Kmin{jst—1, l‘/‘ Ky ®@(2),by) s
t
Ky=Kybo+ Kz, ()= ( S s (1, 2)dv)" & La(Q)
fn’

From Lemma 3.2 ||, «)—0, and so Ju," |z— 0 as 1, 1.
Lemma 3.4. Ifu,~uin X, Uu—fin X* asn— o then (1) Uu =f; 2) uy,—~uin X.

Proof. (1) By the condition of the lemma (Uuw,,, u,)7—(f, )7, and then since U is an operator of the type
(M) [14, pp. 192, 191, 184], Un={.(2) According to (1) (Uu,~Uu, w,~u}y—0, and then from the
(S)-property u,~u in X.

Assertion 3.3. If the solution of (3.3) is unique, then the inverse operator U™'€ (X *— X) is
continuous.

Proof. Let f,—fin X* and u, = U™'f,,, u = U™'f. From (3.3), it follows that the sequence {u,} is bounded.
Then from the reflexivity of X, Lemma 3.4 and Lemma 5.4 of [5, p. 20], we obtain u,~n in X.

Assertion 3.4. (Uniqueness Theorem.) If (3.7) has a solution u€X, C X, then u is the unique
solution in X,

Proof. For t&[0, t;], where t; = e, /V (V = vrai max ¢ *(x) < ), over the whole region €} the strains are only
elastic, and so the solution is unique. suppose that when 1<, the solution is unique, and when t>1,=1, there
exists a solution v € X; v#u. Putting u* = uv, from (1.5) and (3.5) for t=1r,

t -
o j u* (1) llx® dr< 5 jmin { p(s(x,3)) 5 £ (y, ©)dy, by }s’ (v, 2)dR dv<
iy iy G 1ty

1

<66V (t—t2) | 10" (9 Iutie

2y
which is untrue for small 1—1,.
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4. We divide the segment [0, T] into v equal parts by points ¢, = AXn, A=Th;n=0,...,v. At
the nthstep (n =1, 2, .. ., v) we shall seek a solution 1"’ € H of the equation

A(n)u- — f(n)' A(u)u =A ‘n_l) (n—l) f(n) :f(t = H* (4.1

where S{* 1 (%), s~ V() are defined on the (n— 1)th step, and S, sV = 0.
According to assertion 2.1, Eq. (4.1) has a unique solution. For t€[t,,_|, t,,], we first calculate

gy () = (" +ufT)/2,  s(t) =800 4 (E—t,y) SN

and then for known e;;" (¢) and s(¢) we find S;(¢) as the solution of (1.2) with the initial conditions
S;(tam1) = S~V . Then, putting S =S, (t,,) s = s(t,), we transfer to the solution of (4.1), at
the (n+1)th step As a result of the step method, we obtain the solution u,* (¢, £) = u" (%) for
t€Jt,—1,t,], which is piecewise-constant with respect to ¢, where the function s(us)(t, x) is
piecewise-linear with respect to ¢, and the deviator S;;{u, )(¢, X) is piecewise-smooth and continuous
with respect to t.

After deﬁmng the operator U, and the functional f, corresponding to the tensor o 2 and loads

F;/®, P;"* which are constant with respect to ¢ on each step:

\ ' w ¢

Wsna.r = B! § Ao epar, dntor - 3 (g mpar

fn=1) ‘n—l n==1 ‘“—l

using Theorem 1.8 of [5, p. 153], we obtain in X*

Uuua==f, (4.2)
We shall assume that the external loads satisfy the condition
f,—~finX* as A—~0 (4.3)

Lemma 4.1. Suppose that as A— 0 for any A
s"M(£)<E(X)E L, (Q) for almost all xEQ and alln =1, ..., T/A (4.4)

Then w,= ”U',] A(“A) 01/ A(uA)”Y_) 0.
Proof. From (1.5) and Lemma 3.2 we have

U-"Az:Z J j“’ij(sk(v:q' sin=t1} Chm ) by (Sam (7)), 3(‘).8”‘ ”ded‘g

A==t tp.y W

sTSman{Asz(Tg(f))g’-(f),b,?)g*(f)dsz»o as A0

]

Corollary. Allx=— 0 as A—0.

Assertion 4.1. (Theorem of Convergence of the Step Method.) Suppose that as A— () the functional
of external loads and the solution of (4.2) that is piece-wise constant with respect to ¢, ua”(x)
satisfies conditions (4.3) and (4.4); then each weakly convergent subsequence of the sequence {u,}
converges (strongly) in X to the exact solution of equation (3.7);ifin (4.4) (€ L. (Q), then upy—u
in X [u is the only solution of (3.7)] and ¢”;* (uy) —o;" (u) in Y.

Proof. From the corollary of Lemma 4.1 it follows that Uny—f in X*; as in the proof of Assertion 3.4,
allowing for the fact that when £ € L.. the solution of (3.7) is unique in X, we obtain the required result.

Note 4.1. The condition of strong convergence of the sequence of tensors {o;"*(ua)} to the exact solution is
given in corollary 2 of Lemma 3.3.

5. We consider the two iteration rules:

1. Ju,=Ju,~1t(Uu.-,—f); 2. B(un-y, u,)=Uu,_y—1(Un,_,~f);
n>1 (5.1
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where J is an operator of the linear theory of elasticity such that (Ju, u)7 = ||ufx=.

Lemma 5.1. Suppose that (1) iterations u,, given by the second rule of (5.1) belong to X C X; (2)
there exist numbers O0<p<1, 0<7*=<1 such that in a neighbourhood of n, of radius
r=||Uug—fllx- /{1 - p) Cs]

B (u, v) =Uv[le<piB (u. v) -Unjly, Vu, vede: fu—vlix<t*(1—p)r (5.2)
Then for any 1€ 0, 7*[, u,, converges strongly to the solution u of (3.7):
HUu.—fle<kUu—fl,  fu,—ulx<k'r, k=1—1(1-p)<{ (5.3)

Proof. When n =1 from the strict monotonicity of B,|lu; —ugl|<7*(1—p)r, then from (5.2) we obtain
W, <kW,, W, = || Uu, ~ flx-, n=0. By induction for n=2: |lu,—u,_|x<7W,_;C,~", W,<kW,_,, and then
llu, —wyl|x < r and inequalities (5.3) are true.

Suppose that the region of the body and the external loads are such that iterations (5.1) u,€ X, CX. From
(5.1) for u!, w? € X, which differ only for t€[t, &,]:

LY

Iégb;j(l) ] QV{)(AV) S 1A€i;.(y) }dy, A=ttty Aecj'“ﬁﬁ.‘j.‘—‘ecj.z, V=const (54)
&

Using the Holder inequality, from (5.4) we have the estimate
IB(ut, w?)—Uelir<u(d)iAuliz, Sus=u'—-uw?, p{A)=AVp(AV)/IC (5.5)

It follows from this that the operator U satisfies the conditions of L-continuity with constant C;* = Cy+ p(4d)
for such u', u*. Moreover, from (5.5) and the strict monotonicity of B, it follows that there exist A’ and A",

1(8°) =p inf {[|B(u,, w?) ~Uw'{| x-/||Au]|x}, p(A")=2C, p=<t
u!, ule X,
u'==u? for t#[¢, t.]

such that when A<<A’ inequality (5.2} is satisfied, and when A<<A" the operator U is strictly monotonic with
constant Cy* = Cy— p(A)/2>0.
Then from Theorem 3.4 of [5, p. 104] and Lemma 5.1 we obtain the following:

Assertion 5.1. lterations which are defined by the first (or second) rule of (5.1) with
T€]0, 2C4* (C3*) %[ (or T€]0, 1]) converge to the exact solution u of (3.7), with the error estimate

[un—uflc<p"n*~*C, C=1[[Cu—{l|x- (1+Top (Ac)/B)~" (1-B) ", v=T/A,
B=[1-2C*v+ (Cs*1)*) " <d, To=1, A;=A" (umu P==k<1i, 1;=1/C,, A;=A")

I wish to thank V. S. Lenskii for formulating the problem, for his interest and for discussing the
results.
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The dynamics of a high-revolution compressor where each of the mountings is formed by two single-row
ball bearings pressed into a common housing and considered. Springs with a rated force are set up between
the housing and the body. Relations are obtained between the mass characteristics of the housings, the
coefficients of rigidity of the elastic mountings and the frequency of rotation of the compressor for which the
dynamic pressures on the mountings of an unbalanced rotating compressor vanish. Formulas arc obtained
which define the first two critical frequencies of rotation of a compressor in elastic mountings.

As THE frequency of rotation increases, the operating life of ball bearings when they are rigidly installed in the
framework falls sharply since the pressure between the balls of a bearing and its external ring increases in
proportion to the square of the angular velocity of rotation. According to the theory which is presented in
courses in theoretical mechanics [1-3], in order the reduce the pressure on the mountings, it is necessary to
reduce the static and instantaneous imbalance of the rotating solid to zero. A whole branch of technology, that
is balancing technology, has been set up for this purpose. However, in practice. as a consequence of
deformation, the reaction of ball bearings. starting from a rather low value of the eccentricity and angle which
characterizes the instantaneous imbalance, continues to increase sharply at high values of the frequency of
rotation, which also leads to the destruction of the bearings in spite of very careful balancing [4].

The installation of elastic mountings [5] between the external ring of a bearing and its housing became an
alternative when designing efficient high-revolution machines mounted on ball bearings. However, their
premature breakdown is observed when the rotor is installed in single-row ball bearings due to the
misalignment of the cage with respect to the external ring of the bearing. It is shown below that, when
mountings consisting of two single row ball-bearings pressed into a common housing which is mounted
elastically in the body are used, all the advantages of a shaft in elastic mountings are preserved and there is no
skewing of the cage.
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